The tree model of a meromorphic plane curve 

Abdallah Assi* 



Abstract We associate with a plane meromorphic curve / a tree model T(/) based on its 
contact structure. Then we give a complete description of the ^/-derivative of / (resp. the 
Jacobien J{f,g)) in terms of T(/) (resp. T{fg)). We also characterize the regularity of / in 
terms of its tree and we give a bound for the number of its irregular values. 



Introduction 



Let K be an algebraically closed field of characteristic 0, and let /, g be two monic reduced 
polynomial of K((x))[y] of degrees n,m. Let fx,gx (resp. fy,gy) be the x-derivative (resp. the 
^/-derivative) of f,g, and let J{f,g) = fxgy — fygx- Let, by Newton Theorem, 



/(a;, y) = Yliy - yi{x)), g{x, y) = Y[{y - Zj\ 



X) 



where (i/j(x))i<i<„ and {zj{x))i<j<m are meromorphic fractional series in x. 

The main objective of this paper is to give a complete description of fy (resp. J{f,g)) when 
the contact structure of / (resp. fg) is given. This description is based on a tree model defined 
in the following way: let / be as above, and let M be a rational number. Assume that M 
is the x-order, denoted Ox, of i/i — i/j for some I < i ^ j < n, and let Em be the set of 
irreducible components of / such that H G Em if and only if the contact c{H, H) > M for 
some H e Em (where if H{x,y) = HiLil?/ ~" ^i(^)) and H{x,y) = 11^=1(1/ ^ Zj{x)), then 
c{H,H) = maxijOxiXi — Zj)). Let Hi,H2 G Em- We say that HiRmH2 if the contact of 
Hi with H2 is > M. The set of points of the tree of / at the level M is defined to be the 
set of equivalence classes of Rm (see Section 6). Let P^ ^ be a point of the tree of / at the 
level M, and let / be a monic polynomial of K((x))[?/]. We denote by Qf{M,i) the product of 
irreducible components of / whose contact with any element of P{M,i) is M. By [6], we have 
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degyQfy{M,i) > 1. Let f = fi /$(/) be the factorization of / into irreducible components 

in K{{x))[y]. In Section 7., based on the results of Section 5., we describe the properties of 

Qfy{M,i) for all (degree in y, intersection and contact with fi for all i = 1, . . . , ,^(/)). 
This result gives a generalization of Merle Theorem {^{f ) = 1) (sec Theorem 7.1.) and Delgado 
Theorem (^(/) = 2) (see Example 7.11.). These two results use the arithmetic of the semigroup 
associated with /, which, as shown by Delgado, does not seem to suffice when ^{f) > 3. 

Let T{fg) be the tree of fg. A point Pf^ of T{fg) is said to be an /-point (resp. ^f-point) 
if does not contain irreducible components of / (resp. g). In Section 9, based on the 
results of Sections 4. and 5., we prove that if P^^ is an /-point (resp. a g^-point), then 
degyQj(^f^g-){M,i) > 1. We also describe, as for fy, the different properties of Qj(^f^g){M,i) in 
terms of those of fg. 

Let the notations be as above, and assume that f,gE Ji[x^^][y]. Let F{x, y) = f{x~^,y), G{x, y) = 
g{x^^,y). For all A G K, we denote by F\ the polynomial F — X. We say that the family (-F\)agk 

\x v\ 

is regular if the rank of the K-vector space — — ^— , denoted Int(F — A, Fy), does not depend 

(-O^, Fy) 

on A G K. When (-Fa)agk is not regular, there exists a finite number Ai, . . . , A^ G K such that 
Int(F — A, Fy) < Int(F — Aj, Fy) for A generic and 1 <i < s. 

The regularity of a family of affine curves is related to many problems in afiine geometry, in 
particular the plane Jacobian problem. If {Fx)x is regular and smooth, then F is equivalent to 
a coordinate of K^. If {Fx)x is smooth with only one irregular value Ai, then F — Ai is reducible 
in K.[x, y] and one of its irreducible components is equivalent to a coordinate of K^. In general, 
nothing is known when {Fx)x has more than two irregular values (see [4] and references). 

In Section 10. we characterize the notion of regularity in terms of the tree T{f). More precisely 

we divide T(/) into good and bad points. In particular, / is regular if the set of bad points of 
T(/) is empty. This, with the results of Section 2. is used in Section 11. in order to prove that 
the set of irregular values of / contains at most ^(/) — 1 elements (see Proposition 10.3.). We 
give an example where this bound is attained. 



1 Characteristic sequences 

In this Section we shall recall some well known results about the theory of meromorphic curves 
(see [2] for example). Let 

f = y'' + ai{x)y''-^ + ... + an{x) 

be an irreducible monic polynomial of K((x))[i/], where K((a;)) denotes the field of meromorphic 
series over K. Let, by Newton Theorem, y{t) G K((i)) such that f{t"',y{t)) — 0. If -u; is a 
primitive nth root of unity, then we have: 
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f{t'',y) = ll{y-y{wH)). 

k=l 

Write y{t) = '^^aif, and let supp(|/(t)) = {i; ai ^ 0}. Clearly supp(|/(t)) = suppy{wH) for all 
1 < k < n — 1. We denote this set by supp(/) and we recall that gcd(n, supp(/)) = 1. If we 
write xn for t, then y{xn) — ^OjX" and f{x,y{xn)) — 0, i.e. y{xn) is a root of f{x,y) — 0. 
By Newton Theorem, there are n distinct roots of f{x,y) — 0, given by y{w^xn)^ 1 < k < n. 
We denote the set of roots of / by Root(/). 

We shall associate with / its characteristic sequences {ml)k>o, {dl)k>i and (r{)jfc>o defined by: 
I "^0 |— ^1 — I '^0 |— "^1 = '"i = inf({i e supp(/)|gcd(i, n) < min{i, n)}, and for all k >2, 
dl = gcd {ml, m{_ J = gcd m{_ J, 

ml = inf {i G supp/| i is not divisible by dl}, 
d^ 

1 f f k—l f f 

and ri = + K - K-v 

Since gcd(n, supp(/)) = 1, then there is /i/ G N such that dh^+i = 1. Wc denote by convention 
"^{y+i ~ ''^hf+i ~ +00. The sequence {mk)Q<k<hf is also called the set of Newton-Puiseux 

f d^ 

exponents of /. We finally set e( = — for all 1 < A; < /i/. 

Let H he a polynomial of K((x))[|/]. We define the intersection of / with H, denoted int(/, H), 
by mt{f,H) = OtH{t"',y{t)) = n.OxH{x,y{x^), where Ot (resp. O^) denotes the order in t 
(resp. in x). 

Let p, g G N, and let a{x) G K((a;p)), /3(a;) G K((a;^)). We set 

c(a, 13) = Ox{a{x) - /3{x)) 
and we call c{a, /3) the contact of a with /3. We define the contact of / with a{x) to be 

c(/, a) = maxi<i<nOx{yi{x) - a{x)) 
where {yi, ...,?/„} = Root(/). 

Let g — y"^ + bi{x)y'^'^ + . . . + bm{x) be a monic irreducible polynomial of K{{x))[y] and let 
Root(g') — {zi,. . . , Zjn}- We define the contact of / with g to be 

c(/,5) = c(/, Zi{x)). 

Note that c(/, g) = c(/, Zj{x)) = c{g, yi{x)) for all 1 < j < m and for all 1 < i < n. 
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Remark 1.1 (see [1]) i) Let / G K[[a;]][|/] (resp. / G K[x-^][y]). The set of mt{f,g), g e 
K[[x]][?/] (resp. g e K[x~^][y]) is a subsemigroup of Z. We denote it by r(/) and we call it 
the semigroup associated with /. With the notations above, r{ > (resp. r{ < 0) for all 
k — 0, . . . , hf, and Tq, r(, . . . , generate r(/). We write r(/) =< Tq, r{, . . . , r^^ >. 

ii) For all 1 < A; < /i/, e{ is the minimal integer such that e{r{ e< Tq , rf , . . . , r{_^ >. 

iii) For all 1 < A; < /i/, there is an irreducible monic polynomial gk G K((a;))[y] of degree —f in 

dk 

f f f f 

y such that c(/, gk) = — and int(/, gk) = r{. Furthermore, r{gk) =< -j, . . . , >. 

Lemma 1.2 (sec [1]) Let y{x) = Y^-aiXn e Root(/). Given s e N*, let C/^ denotes the group 
of the sth roots of unity in K. Set 

/ 

Tfl- 

R{i) = e Un\c{y{x),y{wx)) = O^dvix) - y{wx)) > — } 

f 

Tfl- 

S{i) ^{w e Un\c{y{x),y{wx)) = 0^{y{x) - y{wx)) = — }. 

n 

We have the following: 

i) For all 1 < i < hf + 1, R{i) = U,f. In particular, card(i?(i)) = d(. 

i 

ii) For all 1 < i < hf, S{i) = R{i) — R{i + 1) = U,f — U,f,^. In particular, card(5'(i)) = 

i i ' 

4 - 4+v 

k m^- 
Proof. Letw e Un,ih.eny{x)—y{wx) — Ylik^k{l—w^)x^ ■ In particular, Ox{y{x)—y{wx)) > — - 

Th 

if and only ii w'' — 1 for all k < mf. This holds if and only if w e U,fM 



Remark 1.3 i) Let F be a nonzero monic polynomial of K((a;))[|/]. Assume that F is reduced 

and let F = Fi -^^(f) be the factorization of F into irreducible polynomials of 'K{{x))[y] . We 

define Root(F) to be the union of Root(Fi), i = 1, . . . , ^(F). Given a polynomial G e K((a;))[y], 
we set int(F, G) = int(Fi, G). 

ii) Let p E W. and let F be a nonzero monic polynomial of K.{{xp))[y]. Assume that F 
is reduced and let x = X^,y = Y, and F{X,Y) = F{Xp,Y). The polynomial F is a monic 
reduced polynomial of K{{X))[Y]. Let Root(F) = {Yi{X), . . .,Yn{X)}. The set of roots of 
F{x,y) = Ois {Y,{x'^),...,Y,{X-p)}. 

Let M be a given real number and consider the sequence {ml)i<k<hf+i of Newton-Puiseux 
exponents of /. We define the function S{m^ , M) by putting 
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S{m^, M) 



Mdi if M < ^ 



Proposition 1.4 (see [1] or [8]) Let g = y'^ + bi{x)y"^ ^ + . . . + bm{x) be a monic irreducible 
polynomial of K((x))[y]. We have the following: 

HI 

c{f,g)^M iff mt{f,g) = S{mf,M)- 



n 

771 

c{f,g)<M iff int(/,^)< 5(m/,M)- 

771 

c{f,g)>M iff int(/,^)> 5(m/,M)- 

Let (71, 5^2 be two irreducible monic polynomials of K((a:))[|/] of degrees qi and q2 respectively 
and let )i<fc</i9. be the set of Newton-Puiseux exponents of gij, i = 1, 2. 

Lemma 1.5 (see [1]) Let M = min(c(/, 512), c(/, gii)). We have the following: 

(i) c((?i,(?2) > M. 

(ii) if c(/,52) c{f,gi) then 0(51,^2) = M. 

Lemma 1.6 Let the notations be as above and let {'m'l)i<k<hg+i be the set of Newton-Puiseux 

/ 

772i 

exponents of g. Let M — cif, g) and assume that M > — -. Let k be the greatest integer such 

n 

f 9 

77% 777 

that — = — < M. We have the foUowing: 

n m 

Ti Tfl 

i) — F = -77 for all i = 1, . . . , A; + 1. 

4 df 

n 

ii) —r — divides m. In particular, \i k — h then n divides m. 

d-k+i 

Th 

Proof, ii) results from i), since by i), m — — (if+i- On the other hand, let 1 < i < A; 

4+1 

and remark that m.n = n.m,m.m{ = n.mf, . . . ,m.m{_^ = n.mf_^, in particular m.d{ — 
m.gcd(n, m{, . . . , mf_^) = n.gcd(g, mf , . . . , m^_i) = n.d^. This proves i).B 

Lemma 1.7 Let the notations be as in Lemma L6. and let y{x) G Root(/) (resp. z{x) G 
Root((7)) such that c{y{x), z{x)) = M. Write y{x) = X^jcfx^ and z{x) = '^jC^x^. If 

M — — - and n>m, then either c^J^^ -the coefficient of x^ in z{x)- is 0, or m = n. 

Th 
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Proof. If ct,M 0) then M — — - hence n divides m. This, with the hypotheses impUes that 

m 

m = n.M 

As a corollary we get the following: 

Lemma 1.8 Let gi,g2 be two monic polynomials of K((a;))[y] of degrees qi,q2 respectively, 

/ / 

and assume that c{gi, f) — c{g2, f) — — —■ If < n and 52 < n, then c{gi,g2) > . 

77/ 71/ 



Proof. Lety{x) e Root(/) (resp. zi{x) e Root(g'i), Z2{x) e Root(g'2)) such that c(y(x), = 

c(y(x), Z2(x)) — — -. In particular c(zi(x),Z2{x)) > . By Lemma 1.7., the coefficients 

n n 

— ■ 

oi x n in zAx) and Z2{x) are 0, which implies that cizAx) , Z2{x)) > — -. This proves our 

n 

assertion. ■ 



2 Equivalent and almost equivalent polynomials 

Let /, g be two monic irreducible polynomials of K((x))[y], of degrees n, m in y. Let {mj.)i<k<hf, 

{dlh<,<,„ and (r{)o<,<., (resp. (ml) i<k<hg, {dl)i<k<hg, and (r^)o<fe<^J be the set of charac- 
teristic sequences of / (resp. of g). 

Definition 2.1 i) We say that g is equivalent to / if the following holds: 
-hf = hg 

m n 



f 

mi 

c{f,g)>^. 



n 

ii) We say that g is almost equivalent to / if the following holds: 

- hf = hg + l. 

f 9 

= for all A; = 1, . . . , /ig. 



n m 

mi 

c{f,g)-^. 

n 



Lemma 2.2 Let the notations be as in Definition 2.1. 
i) If g is equivalent to /, then m — n. 
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ii) If g is almost equivalent to /, then m — Furthermore, if y{x) = ^ CpX^ e Root(5f), 

hf 

then c f — 0. 

n 

Tl 

Proof, i) results from Lemma 1.6. On the other hand, by the same Lemma, m = a—r- for some 

% 

a e N*, but gcd(a— p, —r-m{, . . . , —f-ml _-^^) — —^d{ — 1, hence a — 1. This proves the first 

4, di di., ^ d{, ^ 



assertion of ii). Now the least assertion results from Lemma 1.7. M 

Definition 2.3 Let {Fi, . . . , F^.} be a set of monic irreducible polynomials of 'K{{x))[y]. As- 
sume that s > 1 and let np^ — deg^Fj for all 1 < i < r. 

i) We say that the sequence (Fi, . . . , F^) is equivalent if for all 1 < i < r, Fj is equivalent to Fi. 

ii) We say that the sequence (Fi, . . . , F^) is almost equivalent if the following holds: 

- The sequence contains an equivalent subsequence of s — 1 elements. 

- The remaining element is almost equivalent to the elements of the subsequence. 

Proposition 2.4 Let the notations be as in Definition 2.3. and let M be a rational number. 
If c(Fj, Fj) — M for all i ^ j, then the sequence (Fi, . . . , F^) is either equivalent or almost 
equivalent. 

Proof. If r = 1, then there is nothing to prove. Assume that r > 1, and that np^ = maxi<fc<rnFj,. 

- If M > m^^ , then, by Lemma 1.6., ii), np^ divides np^. for all 1 < /c < r. In particular 
np^ = np^_ and F^ is equivalent to Fi for all 1 < A; < r. 

- Suppose that M — -, and that (Fi, . . . , F^) is not equivalent. Suppose, without loss 



Fi F2 



of generality, that F2 is not equivalent to Fi. By hypothesis, M > and ■> — ■> 



np^ np^ np2 

V 

for all 1 < J < hp^ — 1. Let y{x) = '^CpX"''^ e Root(F2). If the coefficient of x'^ in y{x) 

is non zero, then np^ divides np^, in particular np^ — np^, and — — — —. Hence Fi is 

np^ np^ 

Up 

equivalent to F2, which is a contradiction. Finally hp^ = hp^ — 1, and np^ = a.^r-, but 



d 



Fi 



gcd{np2,mi^ , . . . , m^^ ) = 1, hence a — 1 and np^ = — In particular F2 is almost equivalent 

^2 d,^ 

to Fi. Let k > 2. If F^ is not equivalent to Fi, then n^j, = np^ < np^ by the same argument 
as above. In particular, by Lemma 1.8., c(Fi,F2) > M, which is contradiction. Finally the 
sequence (Fi, . . . , F^) is almost equivalent. ■ 
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3 The Newton polygon of a meromorphic plane curve 



In this Section we shall recall the notion of the Newton polygon of a meromorphic plane curve. 
More generally let p e N and let F — + Ai{x)y^~^ + . . . + AN_i{x)y + An{x) be a reduced 
polynomial of K((,T^/^))[y]. For all i = 0, . . . , N , let = OxAi{x). The Newton boundary of 
F is defined to be the boundary of the convex hull of Uili(<^i' ^) + ■^+- 

Write F(x,y) — Cijxpy^ and let Supp(F) — {{-,j)\cij ^ 0}, then the Newton boundary of 

J p 

F is also the boundary of the convex hull of (J^i j)gSupp(F)(~'i) + 

We define the Newton polygon of F, denoted A'"(F), to be the union of the compact faces of the 

Newton boudary of F. Let {Pk = (ctfc , kj), ko > ki . . . > k^p} be the set of vertices of N{F). 
We denote this set by V{F). We denote by E{F) = {Af = Pki.^Pkn ^ = 1, ■ ■ ■ , vf} the set of 

edges of N{F). For all 1 < / < -uf we set F^f = E(ij)eSupp(F)n Af ^ij^h^ ■ 




Lemma 3.1 Given 1 <l < vp, there are exactly ki^i — ki elements of Root(F), yj{x), 1 < j < 
ki-i — ki, such that for all I < j < ki^i — kf. 

ii) The set of initial coefficients, denoted inco, of yi, ■ ■ ■ ,y(ki_-^-ki) is nothing but the set of 
nonzero roots of 

Conversely, given yix) e Root(F), there exists Af such that Oxiyix)) — r^. 

h-i - ki 

We denote the set of x-orders of Root(F) by 0(F), and we set Poly(F) = {F^F{l,y)\l < I < 

Vp}. 
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Lemma 3.2 Let F be as above, and let M be a rational number. Define Lm '■ Supp(F) i — > Q 
by Lm(-,j) = - + Mj, and let Oq = infLM(Supp(F)). Let inM(i^) = J2i.+Mj=ao^ij^^y^ ■ 
have the following: 



i) M e 0(F) if and only if mM{F) is not a monomial. In this case, M — 



Oik, 



- ki 

some 1 < i < vf, and inM(F') = -^Af ■ Furthermore, (ao, 0) is the point where the line defined 
by (afe; ^, and {aki,ki) intersects the x-axis. 

ii) Consider the change of variables x ^ X,y ^ X^Y and let F(X, Y) = F(X, X^Y). We 
have F = E = x"oF..(l, y) + E„>„„ x"Pa(y). 



Proof. Easy exercise. I 



Lemma 3.3 Let F be as above and let N{F) be the Newton polygon of F. Let V{F) = {P^ — 
(cKfep ki),ko > ki . . . > kyp} be the set of vertices of F and assume that k^^ — 0, i.e. N{F) meets 
the X-axis. Assume that (a^, 1) e Supp(F^F^) for some e Q, and that {a^, 1) ^ V{F). We 
have the following 

i) {a\0)eV{Fy). 

ii) N{Fy) is the translation of A'"(F) with respect to the vector (0, —1). 

iii) OiFy)^0{F),VF^VF^. 

iv) degj^F^F = degj^(Fy)^Fj; + 1. In particular, if F has s roots whose order in x is 



kvp—1 



, then Fy has s — 1 roots with the same order in x. 



Proof. The proof follows immediately from the hypotheses and Lemma 3.1.1 




Lemma 3.4 Let G = y"^ + bi{x)y"^ ^ + . . . + ajn{x) be a reduced polynomial of K((a;9))[|/] and 
let J = J(F, G) = F^Gy - FyG^ be the Jacobian of F and G. Let V{G) = {(A, 0> > > 
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■ ■ ■ > Ivq} be the set of vertices of N{G) and let E{G) = {Af , . . . , A^^} be the set of edges of 
N{G). Assume that the following holds: 

i) — ha — 0) Oivp 7^ and 0; i-G- ^{F) and N{G) meet the x-axis into points 
different from the origin. 

ii) {a^, 1) e Supp(Fa^' ) (resp. (^^, 1) e Supp(G'ag )) for some (resp. in Q, and 
1) ^ y(F) (resp. {p\l)^V{G). 

iii) max(0(F)) > max(0(G')). 
Then we have: 

i) max(0(J)) = max(0(Fy)) = max(0(F)). 

ii) If Gag (x,0) = ax^'-G, a e K*, then (a^+A^ -1, 0) G V( J) and Jaj = (-FyG^) .FyO. = 

"G G vj ^^FyG^ 

-al3i^.xP^r-\Fy)^Fy. 



A. 

Proof. It follows from the hypotheses that (q;^,(f)-1, 0) G V{F^), (q;\ 0) G (/3j,(g)-1, 0) G 

V{G,^), and (/5\0) G V{Gy). In particular + /^^ - 1,0) G V^(FxGj/) and (/3^(g) + - 

1,0) G ^(Fj/Gj:). Since max(0(F)) > max(0(G)), then Pi^^ — (3^ < ctfe^j^j — a^, in particular 
+ tt^ — 1 < + — 1, and (A^^, + «^ — 1,0) G ^(J)- A similar argument shows 
that the last adge of J = F^Gy — FyG^ is nothing but the last edge of —FyG^, and that 
{-FyG,).FyG^ ^-a/3i^.x^^r-^{Fy) Fy. ■ 

^"FyGa: ^"F 

4 Deformation of Newton polygons and applications 

Let f = y"' + ai{x)y'^~'^ + . . . + a„_i(,T)y + an{x) be a monic reduced polynomial of K((a;))[|/] 
and let Root(/) = {yi, . . . , yn}. Let /i, . . . , /^(y) be the set of irreducible components of / in 
K{{x))[y]. 

Definition 4.1 Let be a nonnegative integer and let 7(0;) = J2k>ko'^kX^ ^ ^ii^^))- Let 
M be a real number. We set 
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7<M = \ k>ko,-lf<M 

otherwise 



and we call 7<m the < M-truncation of 'y{x). 
Let 6* be a generic element of K. We set 



J2 akx^ + e-x"" iiM>'^ 



1<M,9 — \ k>kQ,^<M 

9.x^ otherwise 
and we call 7<m,6> the M-deformation of ^{x). 

Let be a nonnegative integer and let 7(,x) G K((a;^)). Let M be a real number and let 
7<M be the < M-truncation of 7(x). Consider the change of variables X = x,Y = y — 7<m- 
The polynomial F[X,Y) = f{X,Y + 7<m) is a monic polynomial of degree n in Y whose 
coefficients are fractional meromorphic series in X. Let V{F) = {Pi = (a^., ki)\i = 1, . . . ,vf} 
and let = {Af , . . . , Af J. 

Lemma 4.2 Let the notations be as above. Assume that 7 ^ Root(/) and let M — maxi<j<„c(7, yj). 
We have the following: 

i) Root(F(X, Y)) = {Yk ^yk- 7<m, k^l,...,n}. 

ii) 0{F)^{c{yk,^)\k^l,...,n}. 

iii) There are exactly ki — fcj+i roots y(x) of F whose contact with 7 is r—- 

ki - fci-i 

iii) The initial coefficients of Root(F), denoted inco(F), is = {inco(yfc — j)\k = 1, . . . ,n}. 

In particular, the Newton polygon N{F) gives us the complete information about the relation- 
ship between ■y{x) with the roots of /. We call it the Newton polygon of / with respect to 
7(2;), and we denote it by A^(/, 7). 

Proof. We have 

n 

F{X, Y) = f{X, Y + 7(X)) = 1[{Y + 7(X) - y,{X)) 



k=l 

now use Lemma 3. LB 

Lemma 4.3 Let yi{x) be a root of f{x, y) —0 and let 
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Let iji = Ui^Me = {yi)<M{.x) + 6x^ be the M-deformation of Ui and consider the change of 
variables X = x,Y = y- yi{X). Let F{X, Y) = f{X, Y + yi{X)). We have the following: 

i) 0{F) = {c{y,-y.)\j^t}}. 

ii) M = max(0(F)). 

iii) The last vertex of N{F) belongs to the a;-axis. 

iv) Let Af^ be the last edge of N{F). We have (a^, 1) e Supp(Faf^) for some a^. Further- 
more, {a\l) ^ V{F). 

Proof. We have 

n 

F{X, Y) = f{X, Y + U^)) = 1[{Y + (y,)<M W + ex"" - yk{X)) 

k=l 

and by hypothesis, 0((i/,)<m(X) + OX^ - y^iX)) = 0(y,(X) - y^iX)) for all k ^ i. Fur- 
thermore, 0{{yi)<M{X) + eX^ - yi{X)) = M = 0{yi{X) - yj{X)) for some j i. This 
implies i) and ii). Now F{X,0) = nLi((^0<M(^) + OX^ - yk{X)) ^ 0, hence iii) fol- 
lows. Let A^^ be the last edge of N{F) and let yj^,. . . , yj^ be the set of roots of / such 
that c{yi - yjj = M for all = 1, . . . , /. Write yi = Y,p Vi ~ = Ca^a:^ + ... 

for all A; = 1, . . . , /. It follows that (Fi)<M(X) + 9x^ - yj.iX) = (c„^ + 9)x^ + .... Finally 
= (y ~ (cm + 0)x^) nL=i(z/ ~ (cafe + 0)x^). Since 9 is generic and / > 1, then iv) follows 
immediately. ■ 

In particular, using the results of Section 3., the last vertex of N^Fy) is (a^, 0), 0{F) = 0{Fy), 
and max(0(Fy)) = M. But Fy (X, Y) = fy{X, Y + yi{X)). This with the above Lemma led to 
the following Proposition (see also [10], Lemma 3.3.): 

Lemma 4.4 For yi{x),yj{x),i ^ j, there is a root Zk{x) of fy{x, y) — such that 

c{yi{x),yj{x)) = c{yi{x),Zk{x)) = c{yj{x), Zk{x)). 

Conversely, given yi{x),Zk{x), there is yj{x) for which the above equality holds. Moreover, 
given yi{x) and M e K, 

ceird{yj{x)\c{yi{x),yj{x)) = M} = ceird{zk{x)\c{yi{x) , Zk{x)) = M}. 

Proof. Let i ^ j and let M = c{yi — yj). Let yi = {yi)<M + (^x^^ be the M-deformation of y^. 
Consider, as in Lemma 4.3., the change of variables X = x.,Y = y — yi{X) and let F[X, Y) — 
f{X, Y + yi{X)). It follows from Lemma 4.3. that F{X, 0) ^ 0, and if degyF^F = r + 1, then 
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there is r roots yj-^, . . . , yj^ of f{x, y) — such that c{yi — yj^.) = M for all k — 1, . . . , r. Since 
(a^, 0) e Supp(F^F^) for some a^, then the cardinality of E(Fy) is the same as the cardinality of 
E{F). Furthermore, N[Fy) is a translation of N{F) with respect of the vector (0, —1). Finally, 
{Fy)A:^ = (-^Af )y is a polynomial of degree r in In particular, by Lemma 4.3., there is r 
roots of fy{x,y) = whose contact with yi is M. This completes the proof of the result. ■ 

Let g = y"^ + ai{x)y^"'^^ + . . . + a„i{x) be a reduced monic polynomial of K((a;))[y] and denote 
hy Zi, . . . , Zjn the set of roots of g. Let yi{x) e Root(/) and let: 

M = m&x{{c{yi,yj)\j 7^ i} U {c{yi,Zk)\k = 1, . . . ,m}) 

Lemma 4.5 Let the notations be as above, and assume that M > maxi<k<mciyi, Zk)- Let 
Vi — iyi)<M + be the M-deformation of yi and consider the change of variables X ~ 
x,Y = y- yi{X). Let F{X, Y) = /(X, F + ^(X, F) = g{X, Y + We have the 

following 

i) F{X, 0) ^ and G{X, 0) ^ 0, i.e. N{F) and 7V(G') meet the x-axis. 

ii) max(0(F)) = M > max{0{G)) 

iii) If Af^ (resp. A^^,) denotes the last edge of N{F) (resp. N{G)) then {a\l) E 
Supp(Fa ) (resp. {(3^,1) G Supp(Ga )) for some (resp. (5^), and ^ y{F) (resp. 
(/3M)^nG)). 

Proof. Let F{X,Y) = n;=i(^ - and GiX,Y) = nr=i(^ - M^))- Clearly y,(X) = 

y,-(X) - {yi)MX) + eX^, ZkiX) = z^iX) (y.)<M(^) + eX^. In particular, for aU k = 
1, ... ,771, 0{Zk) = c{yi, Zk) < M. On the other hand, for all j 7^ i, 0{Yj) = c{yi, yj) < M with 
equality for at least one j, and 0{Yi) = M. This implies i) and ii). Now iii) follows by a similar 
argument as in Lemma 4.3.B 

Let J = J{f, g), and note that J(F, G) = J{X, Y). In particular, by the results of the previous 
Section we get the following: 

Lemma 4.6 For yi{x),yj{x),i ^ j, if c{yi,yj) > maxi<k<mc{yi, Zk), then there is a root ui{x) 
of J{x, y) — such that 

c{yi{x),yj{x)) = c{yi{x),ui{x)) 

Conversely, given yi{x),ui{x), if c(yj, ui) > c{yi, Zk),k — 1, . . . , m, there is yj{x) for which the 
above equality holds. Moreover, given yi{x) and M e R, if M > maxi<fc<^c(yj, Zk), then: 

c&rd{yj{x)\c{yi{x),yj{x)) = M} = card{ui{x)\c{yi{x),ui{x)) = M}. 

Proof. Let M = c{yi,yj) and consider the change of variables X = x,Y = y — yi{X), where 
Vi = {yi)<M + Ox^ is the M-deformation of y^. Let F{X, Y) = f{X, Y + Yi{X)) and G{X, Y) = 
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g{X, Y + Yi{X)). II follows from the hypotheses that F and G satisfies conditions i), ii), and 
iii) of Lemma 3.4. In particular J{X, Y)^j(x.y 

now by a similar argument as in Lemma 4.4.1 



iii) of Lemma 3.4. In particular J(X, y) /(x.y) — (G^g (X, 0))x-(-Pa^ )y- The proof follows 



5 Five main results 

Let f = y"' + ai{x)y"'~^ + . . . + a„(a;) be a reduced monic polynomial of K((a:))[|/] and let 

/ = /1./2 /^(/) be the decomposition of / into irreducible components of K((a;))[y]. Let fy 

be the y-derivative of / and let Root(/) = {yi{x), . . . , yn{x)}. 

For all 1 < i < set n/, = degy{fi), and let (mf )i</c</j^.+i, (4")i<fc</»/,+i), (Sfc )i<fc</*/,> 

{rl')i<k<hf.+i be the set of characteristic sequences of /j. Let finally z{x) denotes an element 
of Root{ fy). 

Proposition 5.1 Assume that ^(/) = 1, i. e. / = /i is irreducible. For all 1 < /c < hf, we 
have: 

card{^(x)|c(/,^(x)) = ^} = (e{-l)^. 

f f 

777-1 "^^h 

Proof. Note that, by Lemma 4.4., c(f, z(x)) e { — , . . . , — -}. Assume first that k — ht and fix 

fix 

a root yp of /. By Lemma 1.2., yp has the contact — — with exactly d^^—d^^^^^ — d^^ — l — — 1 

roots of /, consequently, by Lemma 4.4., there is — 1 roots of fy whose contact with yp 

f f 
is — -. Denote the set of these roots by Each element of Dp has the contact — - with 

exactly roots of / (since we have to add yp). Denote this set by Cp. Let ^ Cp be a 
root of /. Repeating with what we did for y^, we construct Dq and Cq in a similar way. 

Obviously Cp fl = (otherwise, c{yp, yq) = — -, which is impossible because yg ^ Cp). This 

implies that Dpf] Dq — 0.... This process divides the n/ roots of / into disjoint groups 

/ 

Ci, . . . , C 'V such that for all 1 < p < — Cp contains the roots of / having the contact — - 

^ dl, ^/ 

with the elements of Dp. For all z{x) e Dp, c{f, z{x)) = — -, in particular 
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f l^f 



CQxd{z{x)\c{f,z{x)) = — ^} = VcardDp = {el - 1)^. 



p=i ?i/ 



Assume that the equahty is true for k = hf,...,j + 1, then there is exactly X]i=j+il^i ~ 
1)^ = n/ — roots of fy having the contact > with /. We now repeat the same argument 

with — —^4 1 instead of n/ and — !.■ 

Proposition 5.2 Let M e Q and let 1 < i < i{f). Assume that M 7^ — ^ for all k = 



1, . . . , /t/.. We have: 



card{z(x)|c(/i,z(x)) = M} = card{y(x) e Root(/)|c(/i, y(x)) = M} = ^ n/,. 

c{fiJk)=M 

Proof. Let, without less of generality, i — 1 and let A; > 1 be such that c(/i, fk) — M. Fix a root 
yp{x) of /i. Since c{yp{x), fk) — M, then there is a root y{x) of fk such that c{yp{x),y{x)) — M. 

Let ^ e {0, . . . , /i/^l be the smallest integer such that M < — — and consider another root 
yj{x) of /i. We have: 



M ifO,(y,-y,)>"^ 



= C>^(%- - = 0^{yj -yp + yp- y{x)) = I Jl 



Ox{yj - yp) if 0:,{yj - yp) < 



By Lemma 1.2., there is exactly o?ii. — 1 roots of /i having a contact > — — with y^, conse- 

quently, by the formula above, there is exactly dg]^^ roots of /i having the contact M with y{x) 
(since we have to add yp). Denote this set by Cp and let be the set of roots of fk having 
the contact M with yp. In particular an element of has the contact M with every element 
of Cp. 

Let yq ^ Cp he a root of /i and repeat the same construction with yg instead of yp. It is 
clear that Cp H Cg = (otherwise, if y E Cp H Cg, then c{y, yp) = c{y, yg) = M, in particular 

c{yp, yq) > M,, which is a contradiction since yg ^ Cp), in particular DldDl = 0. This process 

"/i 

divides the set of roots of fk into disjoint — ^ groups Dl, . . . , -Dj.*"*"^ : for all 1 < p < -j^, D^. 
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contains the roots of / having the contact M with the elements of Cp. Repeating what we 
did with another fi^ I ^ k, such that c{fi,fi) — M, then adding the -D^'s, We obtain disjoint 

—p- groups . . . , D "/i such that Dp contains the roots of / having the contact M with the 

da, 



n 

-1 ''e+i 



elements of Cp. We have, by Lemma 4.4. 



caixdi{z{x)\c{yp{x) , z{x)) — M} = card{y(x) e Root(/)|c(yp(x), = M} = card£)p 

Let z{x) G Root(/j,) and assume that c{z{x),yj^ = M. If yg G Root(/), ^ yp, since c(yp, yq) ^ 
M, then c(2;(a;), |/q) < M. In particular c(/i,2;(a;)) = M. Finally 



e+1 

card{2;(a;)|c(/i, 2;(a;)) = M} = ^ cardDp = ^ n/^ 

P=l c(/i,/fc)=M 



This proves our assertion. ■ 

Proposition 5.3 For all 1 < i < r and for all 1 < ^ < /i/., we have: 



card{^(a;)|c(/„^(x)) = ^} = ce.Td{y{x) G Root(/)|c(/„ = I^} + (ej - 1)^ 

c(/i,/fc) = ^ 

Proof. Let, without loss of generahty, i — 1 and assume that cifi,fk) — — — for at least one 

k > 1. Let yp be a root of /i. Since c{fk,yp) — — then there is a root y{x) of such that 

c{yp{x),y{x)) = By Lemma 1.2., there is exactly d^^ — 1 roots of /i having a contact 

> — — with i/p. Let yj{x) be a root of /i such that c{yp,yj) > — then c{yj,y{x)) = Oxiyj 
"f nf^ 



= 0^(yj - yp + yp - y{x)) > On the other hand, c(yj{x),y{x)) < c(/i, fk) = 

hence c(yj,y(x)) — Consequently, there is exactly dg^ roots of /i having the contact 
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— — with y{x). Denote this set by Cp and let D'^ be the set of roots of fk such that for all 

y{x) E D'^, c{yp{x),y(x)) — — —. In particular, an element of has the contact — — with 
every element of Cp. 

Let yq ^ Cp he a root of /i and repeat the same construction with yg instead of yp. We have, 

by a similar argument as in Proposition 5.2., CpHCg = and consequently n = 0. This 

"/i 

divides the set of roots of into disjoint groups Dl, . . . , D^^ . Each element of has 
the contact — — with the elements of Cp. Repeating the same argument with the set of fi such 

that c(/i, //) = — — with /i, then adding the £>^'s, we obtain disjoint groups Di, . . . , Dn/j 

/ /i 
such that for all 1 < p < Dp contains the roots of — having the contact — — with the 

de Ji rif^ 

elements of Cp. We have, by Lemma 2.1. and Lemma 4.4.: 

c&rd{z{x)\c{yp, z{x)) = — ^} = c&rd{y{x)\c{yp,y{x)) 



di' 



= cardDp + (e^^ -1)^ 



And by a similar argument as in Proposition 5.2., 



card{^(x)|c(/i,z(x)) = ^} = ( J] cardi?^) + (ef-l)^ = ( ^ ^,J + (e^-l)^ 



41 c(/l,/fc)- — 



This proves our assertion. ■ 

Let g — y"^ + bi{x)y"^~^ + . . . + be a monic reduced polynomial of 'K{{x))[y] and let 

gi, . . . , g^(^g) be the set of irreducible components of g in K((a;))[y]. Set Root(g') = {zi, . . . , z^}, 
and let J = J(/, g') be the Jacobian of / and g. 



Proposition 5.4 Let M e Q and assume that c{y{x),y'{x)) = M for some y{x),y'{x) E 

fi 

Tft 

Root(/), and that M > maxi<j<^c(y(x), Zj{x)). Let 1 < i < ^(/), and assume that M ^ — — 
ior all k — 1, ... ,hf^. We have the following 
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card{'u(x) e Root{ J)\c{fi,u{x)) = M} = C8ird{yj{x)\c{fi,yj{x)) = M} = n/^^. 

c(/i,/fe)=M 

Proof. The proof is similar to the proof of Proposition 5.2., where Lemma 4.4. is replaced by 
Lemma 4.6.B 

fi 

Proposition 5.5 Let 1 < 9 < hf. and assume that — — > msiKi<j<ni<k<mc{{yj{x), Zk{x)). We 

rifi 

have the following 



fi fi 

card{ii(x) e Root{ J)\c{Uu{x)) = ^} ^ card{y(x) e Root(/)|c(/,, = !^}+(ef-l)^ 

c{fi,fk)=^ 

Proof. The proof is similar to the proof of Proposition 5.3., where Lemma 4.4. is replaced by 
Lemma 4.6.B 



6 The tree of contacts 



Let / be a reduced monic polynomial in K((a;))[y] and let f — fi /^(/) be the factorization 

of / into irreducible components of K{{x))[y]. We define the set of contacts of / to be the set: 

c{f) = {ciu, m<py^q< am u uLi{^, . . . , 

^fk ^fk 

Let C(/) = {Ml, . . . , Mtf}. The tree associated with / is constructed as follows: 

Let M E C{f ) and define CM^f) to be the set of irreducible components of / such that 

fp e CmU) ^ c{fp, /,) > M for some l<q< i{f) 

fk 

TTl- 

with the understanding that c{fk,fk) > M if and only if — — > M for some 1 < i < /i/^. 

We associate with M the equivalence relation on the set CM{f), denoted Rm, and defined as 
follows: 
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fpRufq if and only if c{fp, fg) > M. 



We define the points of the tree T(/) at the level M to be the set of equivalence classes of Rm, 
and we denote this set by Pf '^, . . . , P^. We shall say that Pj^ dominates P^^, and we write 
pN >pM -^^ pN QpM gj^g^u ^^^^ pN strictly dominates f"^, and we write P^ > P^^ , 
if dominates P,^ , P^ ^ P/, and C(/)n]M, N[= 0. This defines an order on the set of 
points of T(/) with a unique minimal clement, denoted P^^ . A point Pj^ is called a top point 
of T(/) if it is maximal with respect to this order. We denote by Top(/) the set of top points 
ofT(/). 

Let Pj^ be a point of T(/), and let Pj^^ , • • • , Pj^* be the set of points that strictly dominate P^^ . 
We set = Pf^ - Uti^f'- Clearly {/^f , . . . , i^f , } is a partition of P^^. Furthermore, 

F 

for all F e P)f and for all P G e P/^^ c(P G) = M. Note that if P e P'f , then M > 

Tip 

and that P^^ e Top(/) if and only if P^^ = P»f . 

If Pj^ strictly dominates Pj^, then we link these two points be a line segment. Wc define the 
set of edges of T(/) to be the set of these line segments. Given a point Pj^, if 7^ 0, then 
we associate with all P G Df^ an arrow starting at the point P^^ . Let P^^, Pj^'^ . . . , P^^'' be a 

set of points of T(/) such that Pj^^'^ strictly dominates P/^S Pj^* G Top(/), and Pj^^ strictly 

dominates P^^~^ for all 3 < j < k. The union of edges linking these points is called a branch 
of T[f). Clearly, there arc as many branches of T(/) as there are top points of T{f ). 




Lemma 6.1 Let P^^ be a point of T{f). We have the following: 

i) For all F,GeP,^, c{F, G) > M. 

ii) For all F ePf^ and for all G ^ P^ , c{F, G) < M. 
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iii) For all F,GePl^ and for all H ^ Pf^ , c{F, H) = c{G, H). We denote this rational by 

F 

iv) let F e P"*^ and let 1 < ^ < /iF + 1 be the smallest integer such that M <—. If ^ > 2 

Up 

G F 

then — = — for all G e P,^ and for all 1 < A; < 6* - 1. We denote this rational number by 

no np 

— (P^)). As a consequence does not depend on G e Pf^) and 1 < k < 9. We denote this 

Tl ^ 

rational number by -r{Pi^)- 
dk 

Proof. The proof is an easy application of Lemma 1.5. and Lemma 1.6.B 

Let f*^ be a point of T{f) and define the subsets Xi(M, i), . . . , Xs(M,i){M, i) of P^ as follows: 

- For all k and for all F, G e Xk{M, i), c(F, G) = M. 

- Given F e Xk{M, i) and l^k/iiF ^ Xi{M, i), then c(F, G) > M for some G e Xi{M, i) 
(in particular F,G e Pf for some > P^^). 

The sets defined above satisfy the following property: 

Lemma 6.2 The cardinality oi Xk{M,i) does not depend on 1 < A; < s{M,i). We denote this 
cardinality by c{M,i). 

Proof. Assume that s(M, i) > 2 and let 1 < a 7^ 6 < s{M, i). We shall construct a bijective map 
from X„(M, i) to X,,{M, i). Let F G^X„(M, i). If F ^ Xi,{M, i), then there is F G Xfe(M, i) such 
that c{F, F) > M. Wc claim that F is the only element with this property. In fact, if there is 
F y^G e Xb{M, i) such that c{F, G)) > M, then M = c{F, G)) > min(c(F, F), c{F, G)) > M, 
which is a contradiction. This defines a map 

(f)a,b ■ XaiM, i) ^ XbiM, i) 

'f ifFeXb{M,i) 
F ifF^Xb{M,i) 

This map is clearly bijective. This completes the proof of the Lemma. ■ 



Lemma 6.3 Let the notations be as above, and let P^^^, . . . , P^^' be the set of points that 
strictly dominate P^^. We have the following: 

i) P)f C Xk{M, i) for all 1 < A; < s(M, i). 

ii) Given 1 < A; < s{M,i), {Xk{M,i) n p-f , . . . , Xfc(M, i) r]P^^\Df) is a partition of 
Xk{M,i). 

iii) Given 1 < A; < s(M, i) and I <l <t, Xk(M, i) fl P^^^ is reduced to one element. 

iv) c(M, i) =i + card(P'f). 
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Proof. The first two assertions are clear, on the other hand 3. 4. We shall consequently 
prove 3. Assume, without loos of generality, that k — 1, and let 1 < I < t . Suppose that 
Xi(M, i) n P-f = and let G e P^' . We have c(F, G) = M for all F e Xi(M, i), in particular 
G e Xi(M,i), which is a contradiction. Consequently Xi{M,i) H P^^' ^ 0. Let Gi,G2 be two 
polynomials of Xi{M,i) n i^^'. We have 0(^1, Gs) = M and 0(^1, Gs) > N > M. This is a 
contradiction if Gi 7^ G2.B 




Let i^^ be a point of T{f) and assume that 0. For all F e L>f , c{F, F) < M, in 

particular M > — 



Lemma 6.4 Let the notations be as above. We have the following 

i) If M > ^ for all F e Df, then np does not depend on F e Df. We denote it by n{Df). 



We have J^FeD'^ = (c(M, i) - t)n{Df). 



ii) If M = — ^ for some F e , then one of the following hold 

Ijj) M = ^ for all F eDf. In this case, does not depend on F e Df. We denote it 
by n{Df). Wrhave E^eof = (c(M, i) - t)n{Df). 

f' f f' 

\iM\ M > ^ for some F' G Df. In this case, M = ^ > ^ for all F e Df. F ^ F' 
and Up, hp, {d^)i<k<hp do not depend on F e F>f^,F 7^ F'. We denote these integers by 

n{Df),h{Df),d^* . With these notations we have n{F') = ^^J \ and Efed^ ^(^) = 
{c{M,i)-t-l).n{Dn + ^: ^ 



Proof. By definition, for all F,G & Df^ , c{F, G) = M. Consequently our results follow from 
Proposition 2AM 

Let if be a monic polynomial of K((a;))[?/] and let Hi, . . . , H^(^h) be the set of irreducible 
components of H in K{{x))[y]. Let Pf^ be a point of T{f) and let F e P,^ . We set: 
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R=m{F; H) — JJ^ Hk 

c{F,Hk)=M 

and 

R>m{F] H) — JJ^ Hk 

c{F,Hk)>M 

In other words, R=m{F; H) (resp. R>m{F; H)) is the product of irreducible components of H 
whose contact with F is M (resp. > M). 

Lemma 6.5 Suppose that P^^ ^ Top(/) and let P^^ , • • • , Pj^^ be the set of points that strictly 
dominate P^ . Fix 1 < I <t and let F G Pf^^ ■ We have the following 

i) For aU G e Pf^' , R=m{G; H) = Rm{F; H) (resp. R>m{G] H) = R>m{F] H)). We denote 
this polynomial by R=m{P^\H) (resp. R>m{P^\H)). 

ii) For all GeP,^\ky^l, R>m(G; H) divides R=m{F] H). 

iii) For aU G e , R>m{G;H) divides R=m{F;H). 

Proof. Let Hk be an irreducible component of H. If G e P^^\ then c(F,G) > Nk > M. In 
particular, by Proposition 1.5., c{G, Hk) = M (resp. c(G, iffc) > ^) if and only if c(F, Hk) = M 
(resp. c(F, Hk) > M). This proves i). If cither G G i^f ^ A; ^ / or G G > then c(F, G) = M. 
In particular, if c{G,Hk) > M, then, by Lemma 1.5. c{F,Hk) = M. This proves ii) and iii).B 

Let the notations be as above. It follows from ii), iii) of Lemma 6.5. that that: 
t 

llR^MiPZ'-.H). J] it:>M(F; //) divides i?=M(/^f;i^). 

k=2 FeD^ 



Set 



Qh{M,i) = ^ 



11^=2 R>MiPi^''; H). Yip^jjM R>m{F; h) 



and let 



Qh{M,i)= \{ Hk 

c(F,Hk)=MMFePi^ 

i.e. Qh{M, i) is the product of the irreducible components of H whose contact with all F G P 
is M. 
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Lemma 6.6 With the notations above, we have Qh{M,i) = Q^{M,i). 



Proof. Let Hk be an irreducible component of QH{M,i). For all F e P^^,c{F,Hk) = M. 
In particTilar, since U^^^i^^'= C Z^/^^, then Hk divides R=m{p!^^'-,H) and Hk does not divide 
nU R>m{p!1'\ H). Yip^^M R>m{F; H). Hence Qh{M, i) divides Q^(M, i). 

Let us prove that Qjj{M,i) divides QniM^i). Let G e and let H be an irreducible 
component of Qjj{M,i). 

-UGeP^^\ then by Lemma 6.5. i), R=m{G; H) = R=m{P!^^\H), in particular c{G, H) = 

M. 

- If G e f"^ - i^f , then by Lemma 6.3., G e Df U (U*fc=2^f')- Suppose that G G . If 
c{G,H) > M, then divides R^MiG, H) = RyM^Df^ -.H). This contradicts the definition of 
Qff{M,i). In particular c{G,H) = M. By a similar argument we prove that if G e U^=2^fN 
then 0(6", H) ~ M. This imphes our assertion. ■ 



Lemma 6.7 Suppose that P^^ e Top(/), and recall that in this case P^^ = Df. Let F be an 
element of Df^ . We have 

Qh{M,i) = 



ricei^CM.o.GT^F R>m{G; H) 
Proof. The proof is similar to the proof of Lemma 6.6. ■ 

7 Factorization of the ^/-derivative 
7.1 The irreducible case 

Let / be a monic irreducible polynomial of K((a;))[7/] of degree Uf in y and consider the char- 
acteristic sequences associated with / as in Section 1. We have the following: 

Proposition 7.1 fy — Pi Phf and for all /c = 1, . . . , /i/: 

i) deg.P, = (e{ - 1)^. 



ii) int(/,P,) = (ei-l)r{. 



iii) For all irreducible component P of P^, c(/, P) — ^ 



Proof, i) and iii) result from Proposition 5.1. and ii) results from Proposition 1.4.B 
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7.2 The general case 



Let the notations be as in Section 5. In particular / is a monic reduced polynomial of K((x))[y] 
and fi, . . . , /^(y) arc the irreducible components of / in K((a;))[t/]. Consider the characteristic 
sequences associated with fi, . . . , /^(^) and let T{f) be the tree of /. Fix a point P^^ of T{f). 

Lemma 7.2 Let the notations be as above and let Pf^ e T(/) - Top(/). If Df^ 7^ 0, then 
R>M{F,fy) = lioiaRF eDf. 

Proof. Suppose that Pf^ ^ Top(/), and that ^ 0. Let F e Df. If R>M{F,fy) 1, 
then c{F, H) = N > M for some irreducible component H of fy. In particular, by Lemma 
4.4., c{F,F) = N for some irreducible component F of /, hence F e Pj^ for some point 
e T(/), N > M. This is a contradiction because F e .■ 

Lemma 7.3 Suppose that P^^^ ^ Top(/) and let P,^\ . . . , i^f ' be the set of points of T(/) 
that strictly dominate P^^ . We have: 

g/,(M,z) = 

Proof. We have, by Lemma 6.6.: 



R>m{P^', fy)- WpeD'^ R>m{F, fy) 



On the other hand, by Lemma 7.2., if F e Df, then R>M(F,fy) = 1. This proves our 
assertion. ■ 

Fix a polynomial Fi e /^f' for all 1 < Z < By Lemma 6.6., R=m{P^^\ fy) = R=M{Pii,Fi) 
(resp. R>m{p!I\ fy) = R>M{Pii, Fi)). In particular we have: 

QdM,i) 



R=m{Fi, fy) 



Y{i = 2 R>M{FlJy) 

The following Lemmas give the degrees of the two polynomials describing Qfy{M,i). 

F 

Lemma 7.4 Let the notations be as above, and let 9 be the smallest integer such that M < — — 

Up 

for all F e P*^. We have: 
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degyR=M{Fi, fy) = < 



1=2 ^.gpiv, 



FGDf 



if M 7^ ^ 



1 ^ 



1=2 ppp^l 
H 



FeDf 



4' 



Proof. This results from Propositions 5.3. and 5.4.B 

Lemma 7.5 Let the notations be as above, and let the hypotheses by as in Lemma 7.4. We 
have: 



degyR^M{Fi, fy)= E + E ^""f - 1) 



FeP,^'-{Fi} M<mf 



np^ 
if 



Proof. This results from Propositions 5.3. and 5.4.B 

As a corollary we have the following: 

Proposition 7.6 Let the notations be as above, and let the hypotheses by as in Lemma 7.4. 
We have: 



if M 7^ 



E '^F + Y.i'^Fi- E 



FgijM 1=2 



l)^] + (ef^-l)^ ifM = ^ 
d ■ ^~ 1 



M<m- 



Proof. This results from Lemmas 7.4. and 7.5., since gcd{R=M{Fi, fy), R>m{Fi, fy)) — 1 for all 
2<l<t.m 

Note that 



np. 



E 



eV - 1 



M<mj 



np 



I /L^^ 3 ' ,Fi ,Fi I np, 

j=9 "-e 



^F,._np, .^^ 



^Fl ,Fi I - ,Fi 



np, 
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Fi Fi 

Let A (resp. B) be the set of 1 < Z < i for which M = — ^ (resp. M < — It follows that: 



degyQf^{M,i) 



iGA "e+i ieB-{i} FGD^ 

E ir+E=f + (^r''-i)=t+ E"- '"^^ 



Let (Zi,Z2) e A X B and recall that '^^ (reps. does not depend on F G U^g^P^^' (resp 



F G U;esP^^'). In particular, if we denote by a (resp. 6) the cardinality of A (resp. i?), then we have: 



^0+1 



r np, 



degyQf^iM,', 



1 ^^h ^-^^ 



np 



if 1 G 5 



(a-l)^ + 6^ + (e^i-l)(-^)+ J] if 1 G 



np^ fip 

Note that if i? 7^ then — ^-2- = — pr-, on the other hand, if i? = 0, then 1 G A. In particular we get 
the following: 



deg,g^jM,i) = a^ + (6-l)^+ np 



J' '1 W-^ 



The above results can be stated as follows: 



Theorem 7.7 Let i^^ be a point of T{f) and assume that i^^^ ^ Top(/). Let (i^^'))i<«<t be the set 



of points that strictly dominate P^^ and let 6 be the smallest integer such that for all F G P/^^ , M < 



M 



Let A (resp. B) be the set of 1 < / < t for which M = ^ (resp. M < ^) for aU F G U^gA^'i 



np 



(resp. P G U/g^P^^') and Let (/i,/2) ^ A x B. If o (resp. 6) denotes the cardinality of A (resp. B) 
then the component Q jy {M, i) of satisfies tha following: 

i) degyQfy{M,i) = a-pp- + [b — 1)-Fr" + SfsdA^ '^■P' YlpeD^ ''^f is given by the formula of 

J 1 W 2 i i 



np 



np 



"■9+1 



Lemma 6.4., where if P G -D^ , then hp is either 6 — 1 or 9 depending on M > 



m 



hp 



np 



or M 



m 



hp 



np 



ii) For all irreducible component P of Qfy{M,i) and for all P G ,c{F,P) = M. 

iii) For all irreducible component P of Qfy{M,i) and for all F P,^ , c(P,P) = c{F,PI^) < M, 
where we recall that c(P, P/^) is the contact of P with any element of P/^. 

iv) For alU < A; < ^{f): 
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If h € Pf" then mt{h,Qf^{M,i)) = S{mf'',My^^'^^''^^''^ 



-Ilhi then int(A,g/^(M,i)) = 5(m^S c(/fe, i^^^)^^^^^^^^, where c{fk,Pt') is the 
contact of fk with any F G -P/^-B 

In the following we shall consider the case where P/^ is a top point of T(/). 

Lemma 7.8 Suppose that = Df e Top(/), and let F e P^^ . We have the following: 

Qf^{M,i) = R=M{F,fy) 

Proof. By Lemma 7.2., R^m{G, fy) = 1 for all Df^ . Our assertion follows from Lemma 6.7.B 

Let P/^ = Df^ = {Pi, . . . , Fj.}, and recall that, by Proposition 2.4., the sequence (Pi, . . . , P^) is either 
equivalent, or almost equivalent. 

Theorem 7.9 Let P/^ = {Pi, . . . , P^} G Top(/) and assume that npi = raax.i<k<j.'nFk- We have the 
following: 

Fi 

i) If (Pi, . . . ,Pr) is equivalent with M > —, then degyQf (M,i) = (r - l)nFi- 

Fi 

ii) If (Pi,... ,Pr) is equivalent with M = -JfL^ then degj,Q/^(M,z) = (r - l)nFi + (e^^ 

iii) If (Pi, . . . ,Fr) is almost equivalent, then degyQf y{M,i) = (r — l)nF^. 

Proof. It follows from Lemma 7.8. that degyQfy{M,i) = degyR=M{Pi, fy)- Now the hypothesis of 
i) and ii) implies that np^. = for all = 2, . . . , r. Hence i) results from Proposition 5.2. and ii) 
results from Proposition 5.3. Assume that (Pi, . . . ,Pr) is almost equivalent, and that, without loos 
of generality, (Pi, P3, . . . , P^) is equivalent. Since Qfy{M, i) = R=m{Fi, fy) = R=m{P2, fy), then iii) 
results from Proposition 5.2.B 

Remark 7.10 When Pf^ = Df e Top(/), the numbers a and b of Theorem 7.7. are zero. The 
reader may verify that the two formulas of Theorem 7.7. and Theorem 7.9. coincide.B 

Example 7.11 i) Dclgado's result: Let / = /i./2. In [5], in order to generalize Merle's Theorem, F. 
Delgado uses the arithmetic of the semi-group of /. His result is a particular case of Theorem 7.7. 
More precisely, let rii = degyfi,i = 1,2 and let M = c(/i,/2), / = int(/i,/2). Let 6 be the smallest 

integer such that M < — -,i = 1,2. We have: 

rii 

k=i 
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where the properties Qj^ 



ml 



n{fi) 



1) are given in the table 0), while those of the components of fy are 



given in the tables 1), 2), 3), depending on the position of M on T(f). Note that c{fj,P) means the 
contact of fj with an irreducible component of Qfy{M,i). 



0) 



Q 








degyQ 








c(/i,P),int(/i,Q) 






(pi iVl 
n-i ' V''6»-l e-l 


c(/2,P),int(/2,Q) 









With the notations of Theorem 7.7., for all 1 < i < ^ — 1, we have: 



ml 

ni 



{/i,/2},a = l,6 = 0. 



1,2. 





Qfy{M,l) 


g/,(^,*),e<fc</./. 


QfA^,*),e<k<hf, 


degyQ 


Til _ "2 


(4^-1)5^ 
7 ^^'^ 




c(/i,P),int(/i,Q) 








c(/2,P),int(/2,Q) 


'^"1 




J- 

'^k (ph _ 1 




With the notations of Theorem 7.7., we have: 

= {fi, M, A = {/i}, B = {/2}, a = 6 = 1 



JD "1 
^1 



"2 



{/i},^< A:</i/, :a = 1,6 = 0, P/^ = {M, ^ < A; < /i(/2) : a = 1, 6 = 
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Q 




«/,(^.*).'' + i<*<''/. 






ni _ "2 1 /„fi 1 ^ "1 






c(/i,P),int(/i,Pi) 






M,(e2-l)-^ 
7 ^ ^ 


c(/2,P),int(/2,Pi) 


M / — p^^ r^^ "2 




n2 'V^fe ^'"^fe 



With the notations of Theorem 7.7., we have Pf^ = {fi,f2},Pi"^ = {/i} for all 61 + 1 < < hf^, and 
P/^ = 1/2} for all < A; < hf^. 



A ^2 

, , mi mi 
3) M = —2- = —2-. 





QfyiM,l) 


Qfy{^,*),0 + -i-<k<hf, 












c(/i,P),int(/i,Q) 


Af, (2ef -l)r,^^ 






c(/2,P),int(/2,g) 






712 ' ^Pk 



With the notations of Theorem 7.7., we have = {/i, /2}, Pi = {/i} for all 6* + 1 < A; < /i/^ , and 
P/^ = 1/2} for ah ^ + 1 < A: < hf^. 



Example 7.12 i) / = /1./2 and /i = {y'^ —x^)"^ —x^y, f2 = {y'^ -x^)"^ +x^y. We have n/^ =nf^ = n = 
4^^/i =rf2=^ = (4,6,13),d^i = d/^ = d= (4,2,l),m-^i = = m = (4,6,7), and c(/i,/2) = |. 
The tree model of / is given by: 



Pi' 



{/l,/2} 
{/l,/2} 



Note thatX(|l) = {/i}, X{^,2) 
7 

and c(-, 1) = 2. With the notations of Theorem 7.7., fy 



{/2}, and 



P/ 



7 3 
{/i,/2}- In particular c(-,l) 

Q(|l)Q(^,l) = QiQ2, where: 
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_ = 1 (a = l,6 = 0) 

71 

— + n = 2.4 - 2 = 6 (a = 1, 6 = 0). 

3 

Furthermore, for all irreducible component P of Qi (resp. Q2), c(/i,P) = c(/2,P) = - (resp. 

c(/i,P) = c(/2,P) = ^). Finally, int(/i,Qi) = (ei - l)n = n = 6 = int(/2,Qi) and int(/i,Q2) = 
mt(/i, /2) + (62 - l)r2 = 39 = int(/2, Q2). 

ii) / = h-f2-h-U and /i = (y^ - a;3)2 - x^y, /2 = (y^ - x^f + x^y, /s = (y^ - a;3)2 + x^y - x' , 

and /4 = (y^ + x^)^ - x^y: r(/j) =< 4,6,13 >=< n,ri,r2 >,i = 1,2, 3, 4, mi = 6,m2 = 7, and 

7 3 9 3 3 

c(/i,/2) = c(/i,/3) = ^,c(/i,/4) = 2>c(/2,/3) = ^,c(/2,/4) = ^,c{f3,f4) = ^- The tree model of / 

is given by: 



degj^Qi 



d'2 
n 



deg,g2 = ^ - 



9 
4 
7 
4 
3 
2 



Pi' 



{/2,/3} 

i'l^={/l,/2,/3} \ 

3 

Pi = {fli /2, /3) A} 




{/4} 



,7 



,7 



{/i,/3}, = {/i} 



Note that Xii-,1) = {fi},i = 1,...,4, Xi(-,1) = {/i, X2(-, 1) 

^2(^,2) = p| and ^1(^,1) = {/2,/3}- In particular, c(^,l) = l,c(^,l) = 2 = c(^, 1), c(^, 2) = 1,. 

3 7 7 9 

Theorem 7.7. implies that fy = Qi-^^ l)Q(^) 2)(5(-, 1) = Q1Q2Q3Q4 with the following prop- 
erties: 



Qi,degyQi 


Qi,3 


Q2,6 


^3,2 


Q4,4 


c(/i,P),int(/i,Q,) 


i,18 


4 ' 39 


|,12 


3,26 


c(/2,P),int(/2,Q0 


i,18 


4 ) 39 


1,12 


3,28 


c(/3,P),int(/3,Qi) 


1,18 


4 ) 39 


1,12 


1,28 


c(/4,P),int(/4,gi) 


1,18 


1,36 


1,13 


i,24 



Where c(P, P) means the contact of F with an irreducible component P oi Qi. 

iii) Let / = fi.f2-h, where /i = (y^ — x^)^ — x^y,f2 = y^ — and /s = y^ + x^. We have 

c(/i,/2) = J,c(/i,/3) = ^ = c(/2,/3),int(/i,/2) = 13,int(/i,/3) = 12 and int(/2,/3) = 6. The tree 
model of / is given by: 
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7 

4 



3 
2 



V 



With the notations of Theorem 7.7., we have: 

X(|,l) = {/i,/2},X(|,2) = {/2,/3},4 = {/3},c(i,l) = 2. 

^(i,l) = {/i,/2},c(|,l) = 2. 
This gives us the following description: 



Q, deg^Q 






c(/i,P),int(/i,Q) 


^26 


1,18 


c(/2,P),int(/2,Q) 


1,13 


^ 9 


c(/3,P),int(/3,Q) 


1,12 


^ 9 

2 ' ^ 



Where c(F, P) means the contact of F with an irreducible component P of Qj. 

iv) / = /i-/2, where /i = ((y^-x^)^— x^) and /2 = ((y^+x^)^— x^y)^+x^^(y^+x^) 



We have r(/i) =< 8, 12, 26, 53 >, r(/2) =< 8, 12, 26, 57 >, M 
The tree model of / is given by: 



c(/l,/2) 



I and / 



int(/i,/2) = 96. 



19 

T 

15 

T 

7 

4 
3 



P/ 



3 



= {h} 




{/l} 



With the notations of Theorem 7.7., we have: 
X(^,l) = {/i},X(|2) = {/2},c(^,l) = l. 

X(I,1) = {/2},c(^,l) = 1,X(^,2) = {/i},c(^,2) = 1 

1) = {/l}, 1) = 1, 1) = {/2},C(-, 1) = 1 
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This gives us the following description: 



Q, degyQ 




Q/.(i>l)>2 


^?/.(i,2),2 






c(/i,P),int(/i,Q) 


1,36 


f,24 


1,26 


— , 53 


1,48 


c(/2,P),int(/2,Q) 


1,36 


1,26 


1,24 


- 48 


f,57 



Where c{F, P) means the contact of F with an irreducible component P oi Q. 

8 Factorization of the Jacobian 

Let f = y'^ + ai(x)y"~^ + . . . + an{x) and g = y'^ + 6i(x)y™~^ + . . . + bm{x) be two monic reduced 
polynomials of 'K{{x))[y] and consider the Jacobian J = J{f, g) of / and g. The aim of this Section is 
to give a factorization theorem of J in terms of the tree of f.g. Let to this end T{ f.g) be the tree of 
f.g and let /i, ... , /^(j) (resp. gi, ■ ■ ■ ,g^{g)) be the irreducible components of / (resp. g) in K((x))[y]. 

Definition 8.1 Let P^^ G 

i) We say that P/^ is an /-point if for all 1 < k < ^{g), gk ^ P/^ (equivalently P/^ is an /-point 
if for all FeP^^ and for all 1 < A; < ^{g), c{gk,F) < M). 

ii) We say that Pj^ is a ^-point if for all 1 < /c < ^(/) , /^ ^ P/^ (equivelently P/^ is a gi-point if 

for ah F £ P,^ and for all 1 < /c < c(/fe, P) < M. 

iii) We say that the point P/^ is a mixed point if it is neither an /-point nor a gi-point. 

We denote by Tj (resp. Tg, resp. T^) the set of /-points (resp. ^-points, resp. mixed points) of 
Tif.g). Clearly T{f.g) = TfUTgU T^. 
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Lemma 8.2 Let P^^ , Pf G T{f.g), and assume that Pf > P^^ . 

i) If P.^ € Tf (resp. P^'^ € Tg) then P^ € Tj (resp. G T^). 
h) if G T^, then P,^ € T^. 

Proof. Easy exercise.B 

Lemma 8.3 Let the notations be as above. If 7^ (resp. Tg 7^ 0), then Root(J) ^ 0. 

Proof. Assume that T/ 7^ 0, and let P = P^ e Tf, and let F e P. Let yi{x),yj{x) G Root(/) such 
that c{yi,yj) = M. By hypothesis, M > maxi<^.<c(yj, z^). Now use Lemma 4.6.H 

More generally, assume that Tf UTg ^ 0, Propositions 5.4. and 5.5. and similar arguments as in 
Section 8. led to the following factorization theorem of J. 



Theorem 8.4 J = J.WpM^rj,^Qj(M,i).X\pM^rj.^Qj{M,i), and Qj(M,i),Pf^ G T/ U Tg has the 
following properties: 

(*) Assume that P = Pf ^Tf and let {P^^'))i<i<t be the set of points that strictly dominate P/^. 
Let 9 be the smallest integer such that M < —j- for all F G P^. Let A (resp. B) be the set of 

1 < / < t for which M = ^ (resp. M < ^) for all P G Ui^aP,^' (resp. P G Ui<=bP^') and let 
(^1)^2) G A X P. If a (resp. 6) denotes the cardinality of A (resp. B) then the following hold: 

i) dcgyQj{M,i) = a.-pp- + (6 — l)--rr + Z^fsd^ ""-P' ^^"^ X^FeZ)^ ''^^ given by the formula of 



F F 



Lemma 5.6., where if P G Df^ , then /i^;' is either 9 — \ 01 9 depending on M > — — or M = — —. 

UF riF 

ii) For ah irreducible component P of Qj{M, i) and for ah P G Pl^,c{F, P) = M. 

iii) For all irreducible component P of Qj{M, i) and for all P ^ P/^ (this holds in particular when 
F = 9k,l<k< C{g)), c(P, P) = c(P, i^^) < M. 

iv) For alU < A; < ^{f): 

- If /fc G then int(/fc, Qj(M,z)) = 5(m(/fc), M)degQ J(M, i)nj,. 

- If A, ^ then int(A, Qj(M,i)) = S{m{fk),c{fk, P^))degQj{M,i)nf^. 

(**) Assume that P = Pj^ e Tg and let (i^f'))i<Kt be the set of points that strictly dominate P^^ . 

F 

Tlx 

Let 9 be the smallest integer such that M < ^ for all P G P^^. Let A (resp. P) be the set of 

n(P) 

F F 

1 < ^ < t for which M = ^ (resp. M < ^) for all P G U^g^P,^' (resp. P G UigsP,^') and let 
(li, ^2) G A X P. If a (resp. b) denotes the cardinality of A (resp. B) then the following hold: 
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f^Fi 'lip ^ ^ 

i) degyQj{M^i) = a.-pp + (6 — l).-?^ + J2f£D^ ^f^d¥ '^^ given by the formula of 

F F 

Lemma 5.6., where if F G Dj , then hp is either 9 — 1 or 6 depending on M > — or M = —. 

ii) For all irreducible component P of Qj{M,i) and for all F G P^^ ,c{F,P) = M. 

iii) For all irreducible component P of Qj{M,i) and for all F ^ P/^ (this holds in particular when 
F = fk,l<k< af)), <F, P) = c{F, Pi') < M. 

iv) For all 1 < A; < ^{g): 

- If fffc G Pl^ then int(5fe, Qj(M,z)) = S{m{gk),M)degQj{M,i)ng^. 
-ligki Pi" then int(5fe, Qj(M, i)) = 5(m(/fc), 0(5^, J^^))degQj(M, i)n3,. 

Proof. The proof is similar to the proof of Theorem 7.7.B 

Corollary 8.5 Assume that ^(/) = 1, i.e. / = /i is an irreducible polynomial of K((x))[i/], and let 
M = max^^j|c(/, Let 9 be the smallest integer such that M < If ^ < hf, then J = J{f,g) = 



J. rifele "^fc' where for all < A; < /ij, 

n 

d 



i) deg^^Jfc = (e{ - 1)^. 



ii) int(/,Jfe) = (e{-l)r{. 

/ 

77T- 

iii) For all irreducible component P oi Jk, c(f,P) = — -. 

iv) For all 1 < j < ^(5) and for all irreducible component P ol J^, c{gj,P) = c{gj,f) 




Proof. In fact, Tf = {Pi"^ , . . . , P^ }. The result is consequently a particular case of Theorem 8.4.B 
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9 Bad and good points on the tree of / 



Let f = + ai{x)y^~^ + . . . + a„(x) be a monic reduced polynomial of K((x~^))[y], and let / = 

/i /?(/) be the factorisation of / into irreducible components in K((x))[y]. We shall assume that 

/ is generic in the following sense: for all irreducible component H of fy, 'mt(f,H) < 0. 

Definition 9.1 Let F,G be two monic polynomials of K((x))[?/], and let H be an irreducible monic 
polynomial of K.{{x))[y]. We say that H is regular (resp. irregular) with respect to F if int(i<', H) ^ 
(resp. int(F, i/) = 0). We define Reg(G, F) (resp. Irreg(G, F)) to be the set of regular (resp. 

irregular) components of G with respect to F. Let 7(x) G K((xp)),p G N. We say that 7 is regular 
(resp. irregular) with respect to F if OxF{x,^{x)) 7^ (resp. (^^^^(a;, 7(0:)) = 0). If G = Fy^ then we 
write Reg(F) (resp. Irreg(F)) for Reg(Fj; , F) (resp. Irreg(F2^, F)). 

Lemma 9.2 We have Irreg(/, = 0. 

Proof. Let I < j < ^(/) and let y{x) G Root(/,). Finally let M = maxfc^jc(/j-, /fc). By Lemma 4.4., 
M = max c{fj,H), where H runs over the set of irreducible components of fy. Since / is generic, 
then J2y^yeRoot{f) Ox{y - y) + M < 0. If M < 0, then 0^{y - y) < M < for all y G Root(/), yj^y, 
in particular Ey^y^^ot{f) Ox{y - y) < 0. If M > 0, then Ey^5GRoot(/) Ox{y - y) < -M < 0. Finally 
Oxfy{x,y{x)) = Ey^yeRoot(/) Oxiy - < 0, in particular int(/j,^) < 0. This proves our assertion.B 

Definition 9.3 Let F, G be two monic polynomials of K((x))[y], and let H be an irreducible compo- 
nent of G. Assume that H G Irreg(G, F) and let 7 G Root(if). We have F{x, 7(x)) = A + u{x) where 
A G K* and u{0) = 0. In particular, int(F -X,H) > 0, hence H G Reg(G, F - A). We say that A is an 
irregular value of F with respect to G. We define irreg(F, G) to be the set of irregular values of F with 
respect to G. If G = Fy, then we write reg(F) (resp. irreg(F)) for reg(Fj^,F) (resp. irreg(Fy, F)). 

Definition 9.4 Let P^^^ be a point of Top(/). 

i) We say that is a good point ii H £ Reg(/) for some irreducible component of Qfy{M,i). 

ii) We say that P/^ is a bad point if if G Irreg(/) for some irreducible component of Qfy{M,i). 

Lemma 9.5 Let P/^ be a point of Top(/). 

i) If P^^ is a good point, then for all irreducible component H of Qfy{M, i), H G Reg(/). 

ii) If P^ is a bad point, then for all irreducible component H of Qfy{M,i), H G Irreg(/). 

Proof, i) By hypothesis, there is an irreducible component H of Qfy{M,i) such that int{f,H) < 0. 
Let H be an irreducible component of Qfy{M,i), and let j{x) (resp. j{x)) be a root of H (resp. H) 
such that max"^^c(7, yi) = M = max"^jc(7, y^). We have: 

n n 

Oxf{x, -fix)) = c{j{x),yi{x)) = c{j{x), yi{x)) = Oxf{x, ^{x)) 
i=i 1=1 

in particular int(/, iJ) = -^Oxf{x,^{x)) < 0. 
ii) The proof is similar to the proof of i).B 
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10 The number of irregular values of a meromorphic 
curve 



Let the notations be as in Section 9, and let P/^ = {Fi, . . . ,Fr} be a bad point of Top(/). For 
all irreducible component H of Qfy{M,i), mt{f,H) = 0, in particular, if j{x) G Root(i/), then 
f{x,'y{x)) = A + u{x), where A € K* and u{x) is a fractional power series such that n(0) = 0. 
In particular, A € irreg(/). Let {Ai(M, i), . . . , Ap(A^^j)(M, i)} be the set of irregular values of / ob- 
tained from the components of Qfy{M,i) as above -more precisely {Ai(M, i), . . . , Ap(jv^,«)(-^) 0} = 
{inco(/(x,7(a;)))|7(x) G Kooi{Q fy{M,i))}. We have the following: 

Proposition 10.1 Assume that npi = maxi<j<rni?.. 

i) li {Fi,. . . ,Fr) is equivalent and M > —, then p{M, i) < r - 1. 

Fi 

ii) If (Fi,. . . ,Fr) is equivalent and M = then p(M, i) <r. 

iii) If {Fi, ... ,Fr) is almost equivalent, then f»(-M, i) <r — l. 

Fi 

Proof, i) Let H be an irreducible component of Qt (M,i). Since c(H,Fi) = M > -, then 

np^ divides nn- On the other hand, by Theorem 7.9., degyQfy{M,i) = (r — l)ni7^. In particular, 
^{Qfy{M,i)) <r — 1. This proves our assertion. 

Fi 

ii) Let H be an irreducible component of (M,i). Since c(H,Fi) = —, then „ ^ divides 

uh- More precisely, let 7(0;) = J2p(^^"" ^ Root(iJ), then one of the following holds: 

- The coefficient of x^ in ^{x) is nonzero, hence divides nn- In this case, we say that H is of 
type I. 

- The coefficient of x^ in j{x) is zero, hence ^^^^ divides uh- In this case, we say that H is of 
type II. 

Let Hi,H2 be two irreducible components of type II of Qfy{M,i). If 71 (x) G Root(i?i) (resp. 72(2;) G 
Root(iJ2)), then c(yi,7i) = 0(7/1,72), and inco(j/i - 71) = inco(yi - 72) for all pi G Root(/). In 
particular, Hi and H2 give rise to the same irregular value of /. On the other hand, by Theorem 7.9., 
degyQfy{M,i) = (r — 1)71^^ + (e^^ —1)^^-, hence the number of irreducible components of Q/^^ (M, z) 

of type I is bounded by r — 1. This proves our assertion. 

iii) The proof is similar to the proof of ii).B 

Corollary 10.2 Let / be as above. The number of irregular values of / is bounded by ^(/). 
Proof. This results from Proposition 10.1. ■ 
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Suppose that / G K[x~^][y], and let /i, . . . , /^(/) be the set of irreducible components of / in K((a;))[y]. 
If for all irreducible components of fy, int{f,H) = 0, then int(/ — X, fy) > for some A G irreg(/). 
This is a contradiction, since fy G K[x~^][?/]. In particular, the tree T[f) of / contains at least one 
good point. This leads to the folowing: 

Proposition 10.3 Let the notations be as above. If / G K[x~^][j/], then the number of irregular 
values of / is bounded by ^(/) — 1. 

Proof. A good point of T{f) contains at least one irreducible component of /. In particular at most 
^(/) — 1 irreducible components of / belong to the set of bad points of /. Now use Proposition lO.l.H 

Remark 10.4 Let the notations be as above and assume that / G K[x~^][y]. If irreg(/) has exactly 
^(/) — 1 elements, then for all P^^ ^ Top{f),Df^ = 0. More precisely, it follows from the proof of 
Proposition 10.1. that the cardinality of irreg(/) is bounded by 

P/^eTop(/) 

In particular, if card(irreg(/))= ^(/) — 1 then the following holds: 

i) / has exactly one good point in Top(/) with exactly one element, say /^(/)- 

ii) For ah 1 < i < ^{f) -I, fie P^^ for some bad point f"^ G Top(/). 

Furthermore, given a bad point P/^ = {Fi, . . . ,Fr}, {Fi, ... ,Fr) is equivalent, and M 

Remark 10.5 The polynomial f = y'^ + x~^y'^ + y + 1 has two irreducible components. On the other 
hand, fy = Ay^ + + 1, and int(/, fy) = —3, int(/ — 1, fy) = —2. The set of irregular values of / is 
reduced to one element. In particular the bound of Proposition 8.3. is sharp. 
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